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Òåìà 1. Èíòåðïîëèðîâàíèå ôóíêöèè ñ ïîìîùüþ
ìíîãî÷ëåíîâ Ëàãðàíæà è ìíîãî÷ëåíîâ Íüþòî-
íà ñ ðàçäåëåííûìè ðàçíîñòÿìè
1. Íà îòðåçêå [a,b] ïîëó÷èòü òàáëèöó çíà÷åíèé ôóíêöèè y=f(x) â ðàâíîîò-
ñòîÿùèõ òî÷êàõ xi = a + i · h; i = 0, 1, 2, . . . , 10; h = (b − a)/10. Âàðèàíòû
ôóíêöèè y=f(x) è îòðåçêà [a,b] ñì. â òàáëèöå 1.

2. Ñ ïîìîùüþ èíòåðïîëÿöèîííûõ ôîðìóë Ëàãðàíæà è Íüþòîíà ñ ðàç-
äåëåííûìè ðàçíîñòÿìè âûïîëíèòü ëèíåéíóþ èíòåðïîëÿöèþ â òî÷êå x̄. Äî-
ïóñòèìà ëè ëèíåéíàÿ èíòåðïîëÿöèÿ òàáëè÷íî çàäàííîé ôóíêöèè â òî÷êå
x̄(xi < x̄ < xi+1), îáåñïå÷èâàþùàÿ ïîãðåøíîñòü, íå ïðåâîñõîäÿùóþ 10−4?
Ñðàâíèòü ðåçóëüòàòû ñî çíà÷åíèåì, ïîëó÷àåìûì ïðè íåïîñðåäñòâåííîì âû-
÷èñëåíèè ïî ôîðìóëå ȳ = f(x̄). Âàðèàíòû òî÷êè x̄ ñì. â òàáëèöå 1.

3. Ñ ïîìîùüþ èíòåðïîëÿöèîííûõ ôîðìóë Ëàãðàíæà è Íüþòîíà ñ ðàç-
äåëåííûìè ðàçíîñòÿìè âûïîëíèòü êâàäðàòè÷íóþ èíòåðïîëÿöèþ â òî÷êå x̄,
èñïîëüçóÿ òðè áëèæàéøèå òî÷êè xi−1, xi, xi+1, (xi−1 < x̄ < xi+1). Äîïóñòè-
ìà ëè êâàäðàòè÷íàÿ èíòåðïîëÿöèÿ òàáëè÷íî çàäàííîé ôóíêöèè â òî÷êå
x̄, îáåñïå÷èâàþùàÿ ïîãðåøíîñòü, íå ïðåâîñõîäÿùóþ 10−5? Ñðàâíèòü ðå-
çóëüòàòû ñî çíà÷åíèåì, ïîëó÷àåìûì ïðè íåïîñðåäñòâåííîì âû÷èñëåíèè ïî
ôîðìóëå ȳ = f(x̄).

Ýòàïû âûïîëíåíèÿ ëàáîðàòîðíîé ðàáîòû.
• Ïîñòðîèòü òàáëèöó èç 11 çíà÷åíèé âûáðàííîé ôóíêöèè.
•Ïî èíòåðïîëÿöèîííîé ôîðìóëå Ëàãðàíæà ïåðâîãî ïîðÿäêà âû÷èñëèòü

L1(x̄) = f(xi) · (x̄− xi+1)/(xi − xi+1) + f(xi+1) · (x̄− xi)/(xi+1 − xi).
• Ñ ïîìîùüþ ôîðìóëû îñòàòî÷íîãî ÷ëåíà èíòåðïîëÿöèîííîé ôîðìóëû

Ëàãðàíæà ïåðâîãî ïîðÿäêà
R1(x) = f ′′(ξ)ω2(x)/2, ξ ∈ [xi−1, xi+1], ω2(x) = (x− xi) · (x− xi+1),
íà îòðåçêå [xi,xi+1] îöåíèòü ìèíèìàëüíîå è ìàêñèìàëüíîå çíà÷åíèÿ f ′′(x),
à çàòåì ìèíèìàëüíîå è ìàêñèìàëüíîå çíà÷åíèÿ îñòàòî÷íîãî ÷ëåíà R1(x).

• Ïðîâåðèòü, âûïîëíÿåòñÿ ëè íåðàâåíñòâî min R1 < R1(x̄) < maxR1,
R1(x̄) = L1(x̄)− f(x̄). Îòâåòèòü íà âîïðîñ ï.2.

•Ïî èíòåðïîëÿöèîííîé ôîðìóëå Ëàãðàíæà âòîðîãî ïîðÿäêà âû÷èñëèòü
L2(x) = f(xi−1)

(x̄− xi)(x̄− xi+1)
(xi−1 − xi)(xi−1 − xi+1)

+ f(xi)
(x̄− xi−1)(x̄− xi+1)

(xi − xi−1)(xi − xi+1)
+

+f(xi+1)
(x̄− xi−1)(x̄− xi)

(xi+1 − xi−1)(xi+1 − xi)
.

• Ñ ïîìîùüþ ôîðìóëû îñòàòî÷íîãî ÷ëåíà èíòåðïîëÿöèîííîé ôîðìóëû
Ëàãðàíæà âòîðîãî ïîðÿäêà
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R2(x) = f ′′′(ξ)ω3(x)/6, ξ ∈ [xi−1, xi+1], ω3(x) = (x−xi−1)(x−xi)(x−xi+1),
íà îòðåçêå [xi−1,xi+1] îöåíèòü ìèíèìàëüíîå è ìàêñèìàëüíîå çíà÷åíèÿ f ′′′(x),
à çàòåì ìèíèìàëüíîå è ìàêñèìàëüíîå çíà÷åíèÿ îñòàòî÷íîãî ÷ëåíà R2(x).

• Ïðîâåðèòü, âûïîëíÿåòñÿ ëè íåðàâåíñòâî min R2 < R2(x̄) < maxR2,
R2(x̄) = L2(x̄)− f(x̄). Îòâåòèòü íà âîïðîñ ï.3.

• Ïîñòðîèòü òàáëèöó ðàçäåëåííûõ ðàçíîñòåé ïî óçëàì xi−1, xi, xi+1.
Âû÷èñëèòü èíòåðïîëÿöèîííûå ìíîãî÷ëåíû Íüþòîíà:
L1(x̄) = f(xi) + f(xi, xi+1)(x̄− xi) è
L2(x̄) = f(xi−1) + f(xi−1, xi)(x̄− xi−1) + f(xi−1, xi, xi+1)(x̄− xi−1) · (x̄− xi).
Ñðàâíèòü ñ ñîîòâåòñòâóþùèìè ðåçóëüòàòàìè, ïîëó÷åííûìè ïî ôîðìóëàì
Ëàãðàíæà.

Òàáëèöà 1.

� y=f(x) a b x∗ x∗∗ x∗∗∗ x∗∗∗∗
1 y=x2+ ln(x) 0.4 0.9 0.52 0.42 0.87 0.67
2 y=x2− lg(x + 2) 0.5 1.0 0.53 0.52 0.97 0.73
3 y=x2+ ln(x)− 4 1.5 2.0 1.52 1.52 1.97 1.77
4 y=(x-1)2 -0.5ex 0.1 0.6 0.13 0.12 0.57 0.33
5 y=(x-1)2 -e−x 1.0 1.5 1.07 1.02 1.47 1.27
6 y=x3− sin(x) 0.6 1.1 0.92 0.62 1.07 0.83
7 y=4x− cos(x) 0.1 0.6 0.37 0.12 0.57 0.37
8 y=x2− sin(x) 0.5 1.0 0.77 0.52 0.97 0.73
9 y=x− cos(x) 0.5 1.0 0.92 0.53 0.98 0.77
10 y=x2− cos(x) 0.1 0.6 0.37 0.12 0.58 0.33
11 y=x2− sin(x) 0.4 0.9 0.53 0.43 0.86 0.67
12 y=x2− cos(0.5x) 0.4 0.9 0.64 0.42 0.87 0.63
13 y = x− 2 cos(0.5x) 0.4 0.9 0.71 0.43 0.87 0.67
14 y=x− sin(x) 0.6 1.1 0.88 0.63 1.08 0.83
15 y=2x− cos(x) 0.1 0.6 0.44 0.13 0.58 0.37
16 y=x2+ ln(x + 5) 0.5 1.0 0.73 0.52 0.97 0.73
17 y=0.5x2+ cos(2x) 0.6 1.1 0.84 0.62 1.07 0.83
18 y=x2 − 0.5e−x 0.1 0.6 0.37 0.12 0.58 0.33
19 y=x2+ lg(x) 0.4 0.9 0.53 0.43 0.86 0.67
20 y=x− lg(x + 2) 0.5 1.0 0.77 0.52 0.97 0.73
21 y=x2− lg(0.5x) 0.5 1.0 0.92 0.53 0.98 0.77
22 y=x3− cos(2x) 0.1 0.6 0.37 0.12 0.58 0.33
23 y=x2+cos(x/2) 0.1 0.6 0.13 0.12 0.57 0.33
24 y=x/2− cos(x/2) 0.4 0.9 0.64 0.42 0.87 0.63
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Òåìà 2. Èíòåðïîëèðîâàíèå ôóíêöèè ñ ïîìî-
ùüþ èíòåðïîëÿöèîííûõ ôîðìóë c êîíå÷íûìè
ðàçíîñòÿìè
1. Ïîñòðîèòü òàáëèöó êîíå÷íûõ ðàçíîñòåé äëÿ ïîëó÷åííîé ïðè âûïîëíåíèè
ëàáîðàòîðíîé ðàáîòû �1 òàáëè÷íîé ôóíêöèè.

2. Äëÿ òàáëèöû ñ ðàâíîîòñòîÿùèìè óçëàìè èñïîëüçóþòñÿ ôîðìóëû:
1-ÿ ôîðìóëà Íüþòîíà ïî x0, x1, x2, . . . , xn, x = x0 + th, 0 < t < 1,

Ln(x) = f0 + tf1
1/2 +

t(t− 1)
2

f2
1 + . . . +

t(t− 1) · · · (t− (n− 1))
n!

fn
n/2,

2-ÿ ôîðìóëà Íüþòîíà ïî x0, x−1, x−2 . . . , x−n, x = x0 + th,−1 < t < 0,
Ln(x) = f0 + tf1

−1/2 +
t(t + 1)

2
f2
−1 + . . . +

t(t + 1) . . . (t + (n− 1))
n!

fn
−n/2,

1-ÿ ôîðìóëà Ãàóññà ïî x0, x1,x−1,x2, x−2 . . . , xn/2, x−n/2, x = x0 + th,
0 < t ≤ 0.5,

Ln(x)=f0+tf1
1/2+

t(t− 1)
2

f2
0 +. . .+

t(t2 − 1) . . . (t2 − (
n

2
− 2)2)(t− (

n

2
− 1))

n!
fn
0 ,

2-ÿ ôîðìóëà Ãàóññà ïî x0, x−1, x1, x−2, x2, . . . , x−n/2, xn/2, x = x0 + th,
−1/2 < t < 0,

Ln(x)=f0+tf1
−1/2+

t(t + 1)
2

f2
0 +. . .+

t(t2 − 1) . . . (t2 − (
n

2
− 2)2)(t + (

n

2
− 1))

n!
fn
0 .

Âûáðàâ ïîäõîäÿùèå èíòåðïîëÿöèîííûå ôîðìóëû, âûïîëíèòü èíòåðïî-
ëèðîâàíèå òàáëè÷íîé ôóíêöèè â òî÷êàõ x∗∗, x∗∗∗, x∗∗∗∗, èñïîëüçóÿ ìàê-
ñèìàëüíî âîçìîæíîå êîëè÷åñòâî óçëîâ äëÿ êàæäîé ôîðìóëû. Âàðèàíòû
òî÷åê x∗∗, x∗∗∗, x∗∗∗∗ ñì. â òàáëèöå 1.

3. Îöåíèòü ïîãðåøíîñòü èíòåðïîëèðîâàíèÿ â ýòèõ òî÷êàõ, àíàëîãè÷íî
òîìó, êàê ýòî ñäåëàíî â ëàáîðàòîðíîé ðàáîòå �1. Ñðàâíèòü ðåçóëüòàòû ñ
ñîîòâåòñòâóþùèìè çíà÷åíèÿìè, ïîëó÷àåìûìè ïðè íåïîñðåäñòâåííîì âû-
÷èñëåíèè ïî ôîðìóëå y = f(x).

Ýòàïû âûïîëíåíèÿ ëàáîðàòîðíîé ðàáîòû.
•Ïîñòðîèòü òàáëèöó êîíå÷íûõ ðàçíîñòåé ïî çíà÷åíèÿì òàáëè÷íîé ôóíê-

öèè.
•Ïî ñîîòâåòñòâóþùèì èíòåðïîëÿöèîííûì ôîðìóëàì âû÷èñëèòü Ln(x∗∗),

Ln(x∗∗∗), Ln(x∗∗∗∗).
• Ñ ïîìîùüþ ôîðìóëû îñòàòî÷íîãî ÷ëåíà èíòåðïîëÿöèîííîãî ìíîãî-

÷ëåíà

Rn(x) = f (n+1)(ξ)ωn+1(x)/(n + 1)!, ξ ∈ [a, b], ωn+1(x) = (x− x0) . . . (x− xn),

6



îöåíèòü ìèíèìàëüíîå è ìàêñèìàëüíîå çíà÷åíèÿ f (n+1)(x) - ïðîèçâîäíîé
ôóíêöèè y=f(x), à çàòåì ìèíèìàëüíîå è ìàêñèìàëüíîå çíà÷åíèÿ îñòàòî÷-
íîãî ÷ëåíà Rn(x).

• Ïðîâåðèòü, âûïîëíÿåòñÿ ëè íåðàâåíñòâî min Rn < Rn(z) < maxRn,
Rn(z) = L1(z)− f(z), z = x∗∗, x∗∗∗, x∗∗∗∗.

Òåìà 3. Äèôôåðåíöèðîâàíèå òàáëè÷íî çàäàí-
íîé ôóíêöèè ñ ïîìîùüþ ìíîãî÷ëåíà Ëàãðàíæà
1. Äèôôåðåíöèðóÿ çàäàííîå ÷èñëî ðàç èíòåðïîëÿöèîííóþ ôîðìóëó Ëàãðàí-
æà, ïîñòðîèòü ôîðìóëó ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ ïðèáëèæåííîãî
âû÷èñëåíèÿ ïðîèçâîäíîé òàáëè÷íî çàäàííîé ôóíêöèè f(x) : L

(k)
n (xm)) ≈

f (k)(xm), çíà÷åíèÿ n, k, m ñì. â òàáëèöå 2. Ñðàâíèòü ðåçóëüòàòû ñî çíà÷åíè-
åì, ïîëó÷àåìûì ïðè íåïîñðåäñòâåííîì âû÷èñëåíèè ïî ôîðìóëå f (k)(xm).

Ýòàïû âûïîëíåíèÿ ëàáîðàòîðíîé ðàáîòû.
• Ïðåæäå ÷åì äèôôåðåíöèðîâàòü èíòåðïîëÿöèîííóþ ôîðìóëó Ëàãðàí-

æà, ñíà÷àëà ïðèâåñòè ê âèäó, óäîáíîìó äëÿ äèôôåðåíöèðîâàíèÿ, ïîñêîëü-
êó â òàáëèöå ðàññòîÿíèå ìåæäó ñîñåäíèìè óçëàìè ðàâíî h, òî çàìåíèòü âñå
ðàçíîñòè (xi − xj) íà (i− j) · h.
• Ñ ïîìîùüþ äèôôåðåíöèðîâàíèÿ ôîðìóëû îñòàòî÷íîãî ÷ëåíà èíòåðïî-
ëÿöèîííîãî ìíîãî÷ëåíà

Rn(x) =
f (n+1)(ξ)
(n + 1)!

ωn+1(x), ξ ∈ [a, b], ωn+1(x) = (x− x0) . . . (x− xn),

ïîëó÷èòü è îöåíèòü ìèíèìàëüíîå è ìàêñèìàëüíîå çíà÷åíèÿ îñòàòî÷íîãî
÷ëåíà Rn,k(x).
• Ïðîâåðèòü, âûïîëíÿåòñÿ ëè íåðàâåíñòâî
min Rn,k < Rn,k(x) < max Rn,k, Rn,k(xm) = L

(k)
n (xm)− f (k)(xm).

Òàáëèöà 2.
ê = 2 ê = 1
n =3 n = 4 n = 5 n =3 n = 4 n = 5 n = 6

m=0 16 20 25 1 5 10 31
m=1 17 21 26 2 6 11 32
m=2 18 22 27 3 7 12 33
m=3 19 23 28 4 8 13 34
m=4 24 29 9 14 35
m=5 30 15 36
m=6 37
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Òåìà 4. Êâàäðàòóðíûå ôîðìóëû

Âû÷èñëèòü èíòåãðàë
b∫

a

f (x)dx

1. ïî ñîñòàâíîé ôîðìóëå ëåâûõ ïðÿìîóãîëüíèêîâ;
2. ïî ñîñòàâíîé ôîðìóëå ïðàâûõ ïðÿìîóãîëüíèêîâ;
3. ïî ñîñòàâíîé ôîðìóëå öåíòðàëüíûõ ïðÿìîóãîëüíèêîâ;
4. ïî ôîðìóëå òðàïåöèè;
5. ïî ôîðìóëå Ñèìïñîíà;
6. ïî ôîðìóëå Âåääëÿ:

I6m = 0, 3h(y0 + 5y1 + y2 + 6y3 + y4 + 5y5 + 2y6 + . . .
+5y6m−5 + y6m−4 + 6y6m−3 + y6m−2 + 5y6m−1 + y6m);

ïî ôîðìóëå Íüþòîíà - Êîòåñà: In = (b− a)
n∑

k=0

ckf (xk)

7. n = 1, ck = (1/2, 1/2);
8. n = 2, ck = (1/6, 4/6, 1/6);
9. n = 3, ck = (1/8, 3/8, 3/8, 1/8);
10. n = 4, ck = (7/90, 32/90, 12/90, 32/90, 7/90);
11. n = 5, ck = (19/288, 75/288, 50/288, 50/288, 75/288, 19/288);
12. n = 6, ck = (41/840, 216/840, 27/840, 272/840, 27/840, 216/840, 41/840);

ïî ôîðìóëå Ãàóññà: In = (b−a)
2

n∑
k=1

ckf (xk), ãäå xk =
b + a

2
+

b− a

2
tk

13. n = 1, t1 = 0, c1 = 2;
14. n = 2, t1,2 = ±0, 577350, c1 = c2 = 1;
15. n = 3, t1,3 = ±0, 774597, t2 = 0, c1 = c3 = 5/9, c2 = 8/9;
16. n = 4, t1,4 = ±0, 861136, c1 = c4 = 0, 347855,

t2,3 = ±0, 339981, c2 = c3 = 0, 652145.

Â âàðèàíòàõ 1�6 äëÿ äîñòèæåíèÿ çàäàííîé òî÷íîñòè ε ñíà÷àëà âû÷èñ-
ëèòü In íà îòðåçêå [a,b], çàòåì n óäâîèòü è âû÷èñëèòü I2n. Åñëè âûïîëíåíî
íåðàâåíñòâî |In−I2n| ≤ ε, òî òî÷íîñòü ñ÷èòàåòñÿ äîñòèãíóòîé, è I2n ïðèíè-
ìàåòñÿ çà ïðèáëèæåííîå çíà÷åíèå èíòåãðàëà ñ òî÷íîñòüþ ε, â ïðîòèâíîì
ñëó÷àå n ñíîâà óäâàèâàåòñÿ, ò. å. âû÷èñëÿþò I4n è ñðàâíèâàþò ìåæäó ñîáîé
óæå I2n è I4n è ò. ä.

Â âàðèàíòàõ 7�16 äëÿ äîñòèæåíèÿ çàäàííîé òî÷íîñòè ε ñíà÷àëà âû÷èñ-
ëèòü In íà îòðåçêå [a,b], çàòåì îòðåçîê äåëèòü ïîïîëàì, è ê êàæäîé ïîëî-
âèíå ïðèìåíÿòü êâàäðàòóðíóþ ôîðìóëó ñ çàäàííûì n, ò.å. âû÷èñëèòü I2n.
Åñëè âûïîëíåíî íåðàâåíñòâî |In−I2n| ≤ ε, òî òî÷íîñòü ñ÷èòàåòñÿ äîñòèãíó-
òîé è I2n ïðèíèìàåòñÿ çà ïðèáëèæåííîå çíà÷åíèå èíòåãðàëà ñ òî÷íîñòüþ
ε, â ïðîòèâíîì ñëó÷àå êàæäàÿ ïîëîâèíà îòðåçêà [a,b] äåëèòñÿ ïîïîëàì,
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ê êàæäîé ïîëîâèíå ïðèìåíÿåòñÿ êâàäðàòóðíàÿ ôîðìóëà ñ çàäàííûì n è
ñðàâíèâàþòñÿ ìåæäó ñîáîé óæå I2n è I4n è ò. ä. äî òåõ ïîð, ïîêà íå áóäåò
ëèáî äîñòèãíóòà òî÷íîñòü ε ëèáî íå áóäåò ïðîèçâåäåíî çàäàííîå êîëè÷åñòâî
äåëåíèé îòðåçêà [a,b].

Òåìà 5. Ñïëàéíû
1. Ýðìèòîâû êóáè÷åñêèå ñïëàéíû

Ïóñòü íà ñåòêå w̄h={xi, i=0, N, x0=a, xN=b, xi=xi−1+hi,
N∑

i=1

hi=b− a} çà-

äàíû çíà÷åíèÿ yi = f(xi), y′i = f ′(xi), i = 0, N .
Îïðåäåëåíèå. Ýðìèòîâûì êóáè÷åñêèì ñïëàéíîì íàçûâàþò ôóíêöèþ

S(x), óäîâëåòâîðÿþùóþ óñëîâèÿì:
1. S(x) ∈ P3i(x) äëÿ ∀x ∈ [xi, xi+1], i = 0, N−1,
2. S(x) ∈ C1

[a,b], (ò.å. íåïðåðûâíû S(x) è S′(x) âî âíóòðåííèõ óçëàõ),
3. S(xi) = f(xi), S′(xi) = f ′(xi), i = 0, . . . , N .

Ýðìèòîâû ñïëàéíû ÿâëÿþòñÿ ëîêàëüíûìè. Äëÿ èõ âû÷èñëåíèÿ íà îò-
ðåçêå [xi, xi+1] äîñòàòî÷íî èñïîëüçîâàòü òðåòüå óñëîâèå îïðåäåëåíèÿ:
S(xi) = yi, S′(xi) = y′i, S(xi+1) = yi+1, S′(xi+1) = y′i+1;
òîãäà S(x) íà îòðåçêå [xi, xi+1] ìîæíî çàïèñàòü:

S(x) = yi + y′i(x− xi) + ai
(x− xi)2

2
+ bi

(x− xi)3

6
,

ai =
6

hi+1

[yi+1 − yi

hi+1
− 2y′i + y′i+1

3

]
, bi =

12
h2

i+1

[y′i + y′i+1

2
− yi+1 − yi

hi+1

]
.

2. Êóáè÷åñêèå íåëîêàëüíûå ñïëàéíû
Ïóñòü íà ñåòêå w̄h çàäàíû yi = f(xi), i = 0, N .

Îïðåäåëåíèå. Ôóíêöèÿ S(x) íàçûâàåòñÿ êóáè÷åñêèì ñïëàéíîì, èíòåð-
ïîëèðóþùèì ôóíêöèþ f(x) â óçëàõ ñåòêè w̄h, åñëè âûïîëíÿþòñÿ ñëåäóþ-
ùèå óñëîâèÿ:

1. S(x) ∈ P3i(x), äëÿ ∀x ∈ [xi, xi+1], i = 0, N − 1,
2. S(x) ∈ C2[a, b], (ò.å. íåïðåðûâíû S(x), S′(x), S′′(x) âî âñåõ âíóòðåííèõ

óçëàõ),
3. S(xi) = f(xi), i = 0, N .
Ëåãêî ïîêàçàòü, ÷òî ýòèìè óñëîâèÿìè ñïëàéí îïðåäåëÿåòñÿ íåîäíîçíà÷-

íî, à èìåííî, êóáè÷åñêèé ñïëàéí, óäîâëåòâîðÿþùèé äàííîìó îïðåäåëåíèþ,
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èìååò åùå 2ñâîáîäíûõ ïàðàìåòðà. Íà êàæäîì èç N îòðåçêîâ ñïëàéí îïðå-
äåëÿåòñÿ 4-ìÿ êîýôôèöèåíòàìè, èòîãî, íà [a, b] âñåãî 4N êîýôôèöèåíòîâ.
Óñëîâèå 2): S(x) ∈ C2

[a,b] äàåò 3(N − 1) ðàâåíñòâ. Óñëîâèå èíòåðïîëÿöèè 1)
äàåò N + 1 ñîîòíîøåíèå. Èòîãî: 3N − 3 + N + 1 = 4N − 2 ñîîòíîøåíèÿ.

Äâà íåäîñòàþùèõ äîïîëíèòåëüíûõ óñëîâèÿ, êàê ïðàâèëî, çàäàþòñÿ â
âèäå êðàåâûõ óñëîâèé, îïðåäåëÿþùèõ çíà÷åíèå ñïëàéíà èëè åãî ïðîèçâîä-
íûõ íà êîíöàõ îòðåçêà [a, b]:
1. S′(a) = f ′(a), S′(b) = f ′(b).
2. S′′(a) = f ′′(a), S′′(b) = f ′′(b).
3. Si(a) = Si(b), i = 0, 1, 2 � â ýòîì ñëó÷àå ãîâîðÿò î ïåðèîäè÷åñêîì
ñïëàéíå.
4. S′′′(x1 + 0) = S′′′(x1 − 0), S′′′(xN−1 − 0) = S′′′(xN−1 + 0).

3. Ïîñòðîåíèå êóáè÷åñêîãî ñïëàéíà ÷åðåç íàêëîíû
Êóáè÷åñêèé ñïëàéí ìîæíî ðàññìàòðèâàòü êàê Ýðìèòîâ ñïëàéí, óäîâëåòâî-
ðÿþùèé óñëîâèÿì:

S(xi) = yi, S′(xi) = y′i;

S(x) = yi + y′i(x− xi) + ai
(x− xi)2

2
+ bi

(x− xi)3

6
;

S′(x) = y′i + ai(x− xi) + bi
(x− xi)2

2
.

Ââîäÿ îáîçíà÷åíèå: S′(xi) = mi - íàêëîíû, mi = y′i, ïî ïîñòðîåíèþ ïîëó-
÷àþò:

S(xi+1) = yi + mihi+1 + ai

h2
i+1

2
+ bi

h3
i+1

6
= yi+1,

S′(xi+1) = y′i + aihi+1 + bi

h2
i+1

2
= y′i+1.

Èìåþò ñèñòåìó äâóõ óðàâíåíèé ñ äâóìÿ íåèçâåñòíûìè ai è bi:

aihi+1 + bi

h2
i+1

2
= mi+1 −mi,

ai

h2
i+1

2
+ bi

h3
i+1

6
= yi+1 − yi −mihi+1.

Óìíîæàþò ïåðâîå óðàâíåíèå â ñèñòåìå íà −hi+1/2 è ñêëàäûâàþò ñî âòî-
ðûì. Òîãäà

bi

(h3
i+1

4
− h3

i+1

6

)
=

mi+1

2
hi+1 − (yi+1 − yi) +

mi

2
hi+1.
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Îòñþäà ïîëó÷àþò âûðàæåíèå äëÿ bi:

bi =
12

h2
i+1

(mi+1 + mi

2
− yi+1 − yi

hi+1

)
.

Çàòåì óìíîæàþò ïåðâîå óðàâíåíèå â ñèñòåìå íà −hi+1/3 è ñêëàäûâàþò ñî
âòîðûì. Òîãäà

ai

(h2
i+1

3
− h2

i+1

2

)
=

mi+1

3
hi+1 − (yi+1 − yi) +

2mi

3
hi+1

è êîýôôèöèåíò ai èìååò âèä:

ai =
6

hi+1

(yi+1 − yi

hi+1
− mi+1 + 2mi

3

)
.

S′′(x) = ai + bi(x− xi) íà [xi, xi+1],
S′′(x) = ai−1 + bi−1(x− xi−1) íà [xi−1, xi].

Èç âòîðîãî óñëîâèÿ îïðåäåëåíèÿ êóáè÷åñêîãî ñïëàéíà, à èìåííî, íåïðå-
ðûâíîñòè âòîðîé ïðîèçâîäíîé íà [a,b], â òîì ÷èñëå è â óçëàõ ñåòêè:

S′′(xi − 0) = S′′(xi + 0)

ïîëó÷àþò
ai−1 + bi−1hi = ai

èëè
1
hi

(yi − yi−1

hi
− mi + 2mi−1

3

)
+

2
hi

(mi + mi−1

2
− yi − yi−1

hi

)
=

=
1

hi+1

(yi+1 − yi

hi+1
− mi+1 + 2mi

3

)
.

Äàëåå îñóùåñòâëÿþò ñëåäóþùèå âûêëàäêè:

−mi + 2mi−1

3hi
+

mi + mi−1

hi
− yi − yi−1

h2
i

=
yi+1 − yi

h2
i+1

− mi+1 + 2mi

3hi+1
,

2mi + mi−1

3hi
+

mi+1

3hi+1
+

2mi

3hi+1
=

yi+1 − yi

h2
i+1

+
yi − yi−1

h2
i

,

mi−1

hi
+ 2mi

( 1
hi

+
1

hi+1

)
+

mi+1

hi+1
= 3

(yi+1 − yi

h2
i+1

+
yi − yi−1

h2
i

)
.

Ââîäÿò îáîçíà÷åíèÿ: µi =
hi+1

hi + hi+1
; λi = 1− µi =

hi

hi + hi+1
, µi + λi = 1.

Â ðåçóëüòàòå ïîëó÷àþò ñèñòåìó N−1 óðàâíåíèÿ ñ N+1 íåèçâåñòíûì m0,
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. . . , mN :

µimi−1 + 2mi + λimi+1 = 3
(
λi

yi+1 − yi

hi+1
+ µi

yi − yi−1

hi

)
, i = 1, N−1. (1)

Äëÿ çàìûêàíèÿ ñèñòåìû íåîáõîäèìî äîáàâèòü äâà óðàâíåíèÿ:
1 êðàåâîå óñëîâèå: S′(a) = y′(a); S′(b) = y′(b), òîãäà m0 = y′0; mN = y′N .
2 êðàåâîå óñëîâèå: S′′(a) = y′′(a); S′′(b) = y′′(b).

a0 = y′′0 ; aN−1 + bN−1hN = y′′N .

Ïåðâîå ñîîòíîøåíèå â óñëîâèè ïîçâîëÿåò ïîëó÷èòü ñëåäóþùåå óðàâíåíèå:

6
h1

(y1 − y0

h1
− m1 + 2m0

3

)
= y′′0 ⇒ −2m1

h1
− 4m0

h1
= y′′0 −

6(y1 − y0)
h2

1

⇒

2m0 + m1 =
3
h1

(y1 − y0)− h1

2
y′′0 .

Âòîðîå ñîîòíîøåíèå ïîçâîëÿåò ïîëó÷èòü âòîðîå íåäîñòàþùåå óðàâíåíèå:

6
hN

(yN − yN−1

hN
− mN + 2mN−1

3

)
+

12
hN

(mN + mN−1

2
− yN − yN−1

hN

)
= y′′N ,

−2mN−4mN−1+6mN +6mN−1 = hN

(
y′′N−

6(yN − yN−1)
h2

N

+
12(yN − yN−1)

h2
N

)
,

2mN + mN−1 =
hNy′′N

2
+

3(yN − yN−1)
hN

.

Îêîí÷àòåëüíî ïîëó÷àþò ñëåäóþùóþ ñèñòåìó óðàâíåíèé:




2m0 + m1 =
3
h1

(y1 − y0)− h1

2
y′′0 ,

µimi−1 + 2mi + λimi+1 = 3
(
λi

yi+1 − yi

hi+1
+ µi

yi − yi−1

hi

)
, i = 1, N−1,

2mN + mN−1 =
hNy′′N

2
+

3(yN − yN−1)
hN

.

3 êðàåâîå óñëîâèå (ïåðèîäè÷íîñòü):

yN = y0, yN+1 = y1, . . . ,
mN = m0, mN+1 = m1, . . . ,
h1 = hN+1, h2 = hN+2, . . . ,

µN+1 = µ1 =
h1

hN+2 + h1
.

Ýòè óñëîâèÿ äîáàâëÿþò äâà óðàâíåíèÿ ê ñèñòåìå óðàâíåíèé (1):
µ1mN + 2m1 + λ1m2 = g1,
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µNmN−1 + 2mN + λNm1 = gN .
4 êðàåâîå óñëîâèå:
S′′′ (x1 − 0) = S′′′ (x1 + 0) , S′′′ (xN−1 − 0) = S′′′ (xN−1 + 0) .

Ñíà÷àëà ðàññìàòðèâàåòñÿ ïåðâîå ñîîòíîøåíèå.
S′′′ (x1 − 0) = S′′′ (x1 + 0) =⇒ b0 = b1

èëè
1
h2

1

(
m1 + m0

2
− y1 − y0

h1

)
=

1
h2

2

(
m2 + m1

2
− y2 − y1

h2

)
.

Óðàâíåíèå óìíîæàþò íà 2h1h2 è ïîëó÷àþò
h2

h1
(m1 + m0)− h1

h2
(m2 + m1) = −y2 − y1

h2
· 2h1

h2
+

y1 − y0

h1
· 2h2

h1
,

m0 + (1− (
h1

h2
)2)m1 −

(h1

h2

)2

m2 = 2

(
y1 − y0

h1
− y2 − y1

h2
·
(

h1

h2

)2
)

.

Åñëè îáîçíà÷èòü h1/h2 = γ1, òî óðàâíåíèå ïðèìåò âèä:
m0 + (1− γ2

1)m1 − γ2
1m2 = 2

y1 − y0

h1
− 2γ2

1

y2 − y1

h2
.

Äîáàâëÿþò ê ïîëó÷åííîìó óðàâíåíèþ ïåðâîå óðàâíåíèå èç ñèñòåìû (1):
µ1m0 + 2m1 + λ1m2 = 3

(
λ1

y2 − y1

h2
+ µ1

y1 − y0

h1

)
.

Òîãäà èìåþò ñèñòåìó äâóõ óðàâíåíèé îòíîñèòåëüíî òðåõ íåèçâåñòíûõ m0,
m1, m2:
m0 + (1− γ2

1)m1 − γ2
1m2 = 2

y1 − y0

h1
− 2γ2

1

y2 − y1

h2
,

µ1m0 + 2m1 + λ1m2 = 3
(
λ1

y2 − y1

h2
+ µ1

y1 − y0

h1

)
.

Óìíîæàþò ïåðâîå óðàâíåíèå íà µ1 è âû÷èòàþò èç âòîðîãî:
(2− µ1 + µ1γ

2
1)m1 + (λ1 + µ1γ

2
1)m2 = (3λ1 + 2µ1γ

2
1)

y2 − y1

h2
+ µ1

y1 − y0

h1
.

Åñëè ó÷åñòü, ÷òî
1)µ1γ

2
1 =

h2
1

(h1 + h2)h2
=

h1

h1 + h2

h1

h2
= λ1γ1,

2)λ1 + µ1γ
2
1 = λ1 + λ1γ1 = λ1(1 + γ1) =

h1

h1 + h2

(
1 +

h1

h2

)
=

h1

h2
= γ1,

3)2− µ1 + µ1γ
2
1 = 1 + λ1 + λ1γ1 = 1 + γ1,

4)3λ1 + 2µ1γ
2
1 = 3λ1 + 2λ1γ1 = λ1(3 + 2γ1),

òî b0 = b1 ïðèìåò âèä:
(1 + γ1)m1 + γ1m2 = λ1(3 + 2γ1)

y2 − y1

h2
+ µ1

y1 − y0

h1
.

Àíàëîãè÷íûå ïðåîáðàçîâàíèÿ îñóùåñòâëÿþòñÿ äëÿ âòîðîãî ñîîòíîøå-
íèÿ 4-ãî êðàåâîãî óñëîâèÿ.

S′′′ (xN−1 − 0) = S′′′ (xN−1 + 0) =⇒ bN−2 = bN−1.
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1
h2

N−1

(
mN−1 + mN−2

2
− yN−1 − yN−2

hN−1

)
=

1
h2

N

(
mN + mN−1

2
− yN − yN−1

hN

)
.

Ââîäÿò îáîçíà÷åíèå hN

hN−1
= γN . Òîãäà





γ2
NmN−2 − (1− γ2

N )mN−1 −mN = 2
(

γ2
N

yN−1 − yN−2

hN−1
− yN − yN−1

hN

)
,

(N − 1)− îå óðàâíåíèå ñèñòåìû èìååò âèä:
µN−1mN−2+2mN−1+λN−1mN=3

(
λN−1

yN − yN−1

hN
+µN−1

yN−1 − yN−2

hN−1

)
.

Óìíîæàÿ ïåðâîå óðàâíåíèå íà λN−1 è ñêëàäûâàÿ ñî âòîðûì, ïîëó÷àþò:
(µN−1+λN−1γ

2
N )mN−2+(2− (1− γ2

N )λN−1)mN−1=

= λN−1
yN − yN−1

hN
+(3µN−1 + 2µN−1γN )

yN−1 − yN−2

hN−1
.

Ñ ó÷åòîì òîãî, ÷òî
µN−1+λN−1

h2
N

h2
N−1

=
hN

hN + hN−1
+

h2
N

(hN + hN−1)hN−1
= µN−1(1+γN ) = γN ,

2− λN−1 + λN−1γ
2
N = 1 + µN−1 + µN−1γN = 1 + µN−1(1 + γN ) = 1 + γN ,

èìåþò
γNmN−2 + (1 + γN )mN−1 = µN−1(3 + 2γN )

yN−1 − yN−2

hN−1
+ λN−1

yN − yN−1

hN
.

Èòàê, â ñëó÷àå êðàåâûõ óñëîâèé 4-îãî òèïà èìåþò:

(1 + γ1)m1 + γ1m2 = λ1 (3 + 2γ1)
y2 − y1

h2
+ µ1

y1 − y0

h1
;

µimi−1 + 2mi + λimi+1 = 3
(

λi
yi+1 − yi

hi+1
+ µi

yi − yi−1

hi

)
, i = 2, N−2;

γNmN−2+(1+γN )mN−1=µN−1 (3+2γN )
yN−1 − yN−2

hN−1
+λN−1

yN − yN−1

hN
.

4. Ïîñòðîåíèå êóáè÷åñêîãî ñïëàéíà ÷åðåç ìîìåíòû
Ìîìåíòàìè íàçûâàþòñÿ S′′ (xi) = Mi; i = 0, N ;

S(x) = yi + ci(x− xi) + ai
(x− xi)2

2
+ bi

(x− xi)3

6
íà [xi, xi+1] ,

S′(x) = ci + ai(x− xi) + bi
(x− xi)2

2
,

S′′(x) = ai + bi(x− xi),
S′′′(x) = bi,

S′′(xi) = ai = Mi; S′′(xi+1) = ai + bihi+1 ⇒ bi =
Mi+1 −Mi

hi+1
.
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Îòñþäà: S(xi+1) = yi + cihi+1 + Mi

h2
i+1

2
+ (Mi+1 −Mi)

h2
i+1

6
= yi+1, òîãäà

ci =
yi+1 − yi

hi+1
−Mi

hi+1

2
− (Mi+1−Mi)

hi+1

6
=

yi+1 − yi

hi+1
− hi+1

6
(2Mi +Mi+1).

Èç óñëîâèÿ íåïðåðûâíîñòè ïåðâîé ïðîèçâîäíîé äëÿ S(x) â óçëàõ xi,
èìåþò:
S′i−1(xi) = S′i(xi),
yi − yi−1

hi
−hi

6
(2Mi−1+Mi) + Mi−1hi+

Mi −Mi−1

2
hi=

yi+1 − yi

hi+1
−hi+1

6
(2Mi +

Mi+1),
hi

6
Mi−1 +

1
3
Mi(hi + hi+1) +

hi+1

6
Mi+1 =

yi+1 − yi

hi+1
− yi − yi−1

hi
,

λiMi−1 + 2Mi + µiMi+1=
6

hi + hi+1

(
yi+1 − yi

hi+1
− yi − yi−1

hi

)
, i = 1, N−1.

(2)
Äëÿ ïîëó÷åíèÿ çàìêíóòîé ñèñòåìû äëÿ îïðåäåëåíèÿ ìîìåíòîâ íóæíî

äîáàâèòü êðàåâûå óñëîâèÿ ê ñèñòåìå (2):
1 êðàåâîå óñëîâèå: S′(a) = A; S′(b) = B.

y1 − y0

h1
−h1

6
(2M0 + M1)=A =⇒ 2M0+M1=

6
h1

(y1 − y0

h1
−A

)
.

yN − yN−1

hN
−hN

6
(2MN−1 + MN )+MN−1hN+

hN

2
(MN −MN−1)=B,

hN

6
MN−1+

hN

3
MN=B−yN − yN−1

hN
=⇒

=⇒ MN−1+2MN=
6

hN

(
B − yN − yN−1

hN

)
.

Íåèçâåñòíûå ìîìåíòû íàõîäÿòñÿ èç ñèñòåìû óðàâíåíèé:




2M0+M1=
6
h1

(y1 − y0

h1
−A

)
,

λiMi−1 + 2Mi + µiMi+1=
6

hi + hi+1

(
yi+1 − yi

hi+1
− yi − yi−1

hi

)
, i = 1, N−1,

MN−1+2MN=
6

hN

(
B − yN − yN−1

hN

)
.

2 êðàåâîå óñëîâèå: S′′(a) = A; S′′(b) = B, òîãäà M0 = A; MN = B.
3 êðàåâîå óñëîâèå:

M0 = MN ; MN+1 = M1; h1 = hN+1.

4 êðàåâîå óñëîâèå: S′′′(x1 +0) = S′′′ (x1 − 0), S′′′(xN−1−0) = S′′′(xN−1 +
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0).
Ðàññìàòðèâàþò ïåðâîå ðàâåíñòâî S′′′(x1 + 0) = S′′′ (x1 − 0).
b0 = b1 =⇒ M1 −M0

h1
=

M2 −M1

h2
⇒ −M0 + M1 =

h1

h2
(M2 −M1).

Îáîçíà÷àþò γ1 =
h1

h2
è ðàññìàòðèâàþò ñèñòåìó èç äâóõ óðàâíåíèé.





M0 − (1 + γ1)M1 + γ1M2 = 0,
1-îå óðàâíåíèå ñèñòåìû èìååò âèä:
λ1M0 + 2M1 + µ1M2 =

6
h1 + h2

(
y2 − y1

h2
− y1 − y0

h1

)
.

Óìíîæàþò ïåðâîå óðàâíåíèå íà λ1è âû÷èòàþò èç âòîðîãî óðàâíåíèÿ:
M1(2 + λ1(1 + γ1))+(µ1 − λ1γ1)M2=

6
h1 + h2

(
y2 − y1

h2
− y1 − y0

h1

)
.

Òàê êàê
2 + λ1(1 + γ1) = 2 +

h1

h2
= 2 + γ1,

µi − λ1γ1 =
h2

h1 + h2
− h1

h1 + h2

h1

h2
=

h2 − h1

h2
, òî

(2 + γ1)M1 +
h2 − h1

h2
M2 =

6
h1 + h2

(
y2 − y1

h2
− y1 − y0

h1

)
.

Äàëåå ðàññìàòðèâàþò âòîðîå óñëîâèå S′′′(xN−1 + 0) = S′′′(xN−1 − 0).
bN−2 = bN−1 =⇒ MN−1 −MN−2

hN−1
=

MN −MN−1

hN
.

Îáîçíà÷àþò γN =
hN

hN−1
è ðàññìàòðèâàþò ñèñòåìó èç äâóõ óðàâíåíèé.





−γNMN−2 + (1 + γN )MN−1 −MN = 0,
(N-1)-îå óðàâíåíèå ñèñòåìû èìååò âèä:
λN−1MN−2+2MN−1+µN−1MN=

6
hN−1 + hN

(
yN − yN−1

hN
−yN−1 − yN−2

hN−1

)
.

Óìíîæàþò ïåðâîå óðàâíåíèå íà µN−1è ñêëàäûâàþò ñî âòîðûì óðàâíåíèåì
ñèñòåìû:
(λN−1 − µN−1γN )MN−2 + (2 + µN−1(1 + γN )MN−1 =

=
6

hN−1 + hN

(
yN − yN−1

hN
− yN−1 − yN−2

hN−1

)
.

Òàê êàê
λN−1 − µN−1γN =

hN−1

hN−1 + hN
− hN

hN + hN−1

hN

hN−1
=

hN−1 − hN

hN−1
,
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2 + µN−1(1 + γN ) = 2 +
hN

hN−1
= 2 + γN ,

òî
hN−1 − hN

hN−1
MN−2+(2+γN )MN−1=

6
hN−1 + hN

(
yN − yN−1

hN
−yN−1 − yN−2

hN−1

)
.

Äëÿ íàõîæäåíèÿ ìîìåíòîâ íåîáõîäèìî ðåøèòü ñèñòåìó:




(2 + γ1) M1 +
h2 − h1

h2
M2 =

6
h1 + h2

(
y2 − y1

h2
− y1 − y0

h1

)
,

λiMi−1 + 2Mi + µiMi+1=
6

hi + hi+1

(
yi+1 − yi

hi+1
− yi − yi−1

hi

)
, i = 1, N−1,

hN−1−hN

hN−1
MN−2+(2 + γN )MN−1=

6
hN−1 + hN

(
yN−yN−1

hN
−yN−1−yN−2

hN−1

)
.

5. Äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå êóáè÷åñêîãî
ñïëàéíà
1. Åñëè ñïëàéí S (x) îïðåäåëåí ÷åðåç íàêëîíû mi, òî âû÷èñëåíèå S′ (x) íå
ïðåäñòàâëÿåò òðóäà, ò. ê.
S′(xi) = mi;

S′(x)=mi+
6(x− xi)

hi+1

(
yi+1 − yi

hi+1
−mi+1 + 2mi

3

)
+

+
6(x− xi)2

h2
i+1

(
mi+1 + mi

2
−yi+1 − yi

hi+1

)
;

S′′(x)=
6

hi+1

(
yi+1 − yi

hi+1
−mi+1 + 2mi

3

)
+

12(x− xi)
h2

i+1

(
mi+1+mi

2
−yi+1−yi

hi+1

)
;

b∫
a

S(x)dx =
N−1∑
i=0

xi+1∫
xi

S(x)dx;

xi+1∫
xi

S(x)dx=
[
yix+mi

(x− xi)2

2
+ ai

(x− xi)3

6
+bi

(x− xi)4

24

]xi+1

xi

=

=yihi+1+
mih

2
i

2
+h2

i

(
yi+1 − yi

hi+1
−mi+1 + 2mi

3

)
+

h2
i

2

(
mi+1 + mi

2
−yi+1 − yi

hi+1

)
=

= hi+1
yi+1 + yi

2
+ h2

i+1

mi −mi+1

12
.

2. Åñëè ñïëàéí S(x) îïðåäåëåí ÷åðåç íàêëîíû Mi, òî

S′(x)=
yi+1 − yi

hi+1
−hi+1

6
(2Mi + Mi+1) + Mi(x− xi)+

Mi+1 −Mi

hi+1

(x− xi)2

2
;

S′′(xi) = Mi;
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S′′(x) = Mi +
Mi+1 −Mi

hi+1
(x− xi);

xi+1∫
xi

S(x)dx=yihi+1+
h2

i+1

2

[
yi+1 − yi

hi+1
−hi+1

6
(2Mi + Mi+1)

]
+

Mih
3
i+1

6
+

+
h3

i+1

24
(Mi+1 −Mi)=

hi+1

2
(yi + yi+1)−

h3
i+1

24
(Mi + Mi+1).

Âàðèàíòû çàäàíèé

Òàáëèöà 3. Ïîñòðîåíèå ñïëàéíà ÷åðåç íàêëîíû

I òèï
êð. óñë.

II òèï
êð. óñë.

IV òèï
êð. óñë.

1 9 17 Çàäà÷à èíòåðïîëèðîâàíèÿ,
äàííûå èç ëàá. ðàá. 1

2 10 18 Çàäà÷à èíòåãðèðîâàíèÿ,
äàííûå èç ëàá. ðàá. 4

3 11 19 Çàäà÷à äèôôåðåíöèðîâà-
íèÿ (ïåðâàÿ ïðîèçâîäíàÿ),
äàííûå èç ëàá. ðàá. 1

4 12 20 Çàäà÷à äèôôåðåíöèðîâà-
íèÿ (âòîðàÿ ïðîèçâîäíàÿ),
äàííûå èç ëàá. ðàá. 1

Òàáëèöà 4. Ïîñòðîåíèå ñïëàéíà ÷åðåç ìîìåíòû

Ïåðâûé
òèï êðà-
åâûõ
óñëîâèé

Âòîðîé
òèï êðà-
åâûõ
óñëîâèé

×åòâåðòûé
òèï êðàå-
âûõ óñëî-
âèé

5 13 21 Çàäà÷à èíòåðïîëèðîâàíèÿ,
äàííûå èç ëàá. ðàá. 1

6 14 22 Çàäà÷à èíòåãðèðîâàíèÿ,
äàííûå èç ëàá. ðàá. 4

7 15 23 Çàäà÷à äèôôåðåíöèðîâà-
íèÿ (ïåðâàÿ ïðîèçâîäíàÿ),
äàííûå èç ëàá. ðàá. 1

8 16 24 Çàäà÷à äèôôåðåíöèðîâà-
íèÿ (âòîðàÿ ïðîèçâîäíàÿ),
äàííûå èç ëàá. ðàá. 1

Â ïîëÿõ òàáëèö óêàçàí íîìåð âàðèàíòà.
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Òåìà 6. Ìåòîä ìîíîòîííîé ïðîãîíêè
Äàíà ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ñïåöèàëüíîãî âèäà

AkUk−1 + BkUk + CkUk+1 = Fk, k = 1, . . . , N − 1, (1)
A1 = CN = 0.

Çäåñü Ak, Bk, Ck, k = 1, . . . , N � çàäàííûå êîýôôèöèåíòû ñèñòåìû, êî-
òîðûå ìîæíî ðàññìàòðèâàòü êàê òðè äèàãîíàëè ìàòðèöû ñèñòåìû, à îñòàëü-
íûå êîýôôèöèåíòû ñèñòåìû ðàâíû íóëþ; Fk, k = 1, N � ïðàâûå ÷àñòè,
Uk, k = 1, N � èñêîìûå çíà÷åíèÿ ðåøåíèÿ ñèñòåìû (1).

Âûðàæàþò èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (1) U1 â âèäå

U1 = −C1

B1
U2 +

F1

B1
. (2)

Ââîäÿò îáîçíà÷åíèÿ α2 = −C1/B1, β2 = F1/B1, òîãäà ñîîòíîøåíèå (2)
ïåðåïèñûâàåòñÿ ñëåäóþùèì îáðàçîì

U1 = α2U2 + β2. (3)

Ïðåäïîëàãàþò, ÷òî

Uk−1 = αkUk + βk. (4)

Èñêëþ÷àþò èç k-ãî óðàâíåíèÿ ñèñòåìû (1) Uk−1, ïîäñòàâèâ ñîîòíîøåíèå
(4) â k-îå óðàâíåíèå, Ak(αkUk +βk)+BkUk +CkUk+1 = Fk, âûðàçèâ èç íåãî
Uk:

Uk = − Ck

Bk + Akαk
Uk+1 +

Fk −Akβk

Bk + Akαk
.

Îòñþäà âèäíî, ÷òî, ââåäÿ îáîçíà÷åíèÿ

βk+1 =
Fk −Akβk

Bk + Akαk
, αk+1 = − Ck

Bk + Akαk
, (5)

ñâîäÿò k-îå óðàâíåíèå ê äâó÷ëåííîìó âèäó

Uk = αk+1Uk+1 + βk+1. (6)

Òàêèì îáðàçîì, áûëî ïîêàçàíî, ÷òî äëÿ êàæäîãî k = 1, . . . , N − 1 k-îå
óðàâíåíèå ñèñòåìû (1) ìîæåò áûòü ïðèâåäåíî ê âèäó (6), ãäå êîýôôèöèåí-
òû αk+1, βk+1 ìîãóò áûòü âû÷èñëåíû ïî ôîðìóëàì (5). Ýòè êîýôôèöèåíòû
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íàçûâàþò ïðîãîíî÷íûìè, à èõ âû÷èñëåíèå íàçûâàþò ïðÿìûì õîäîì ïðî-
ãîíêè.

Â ïðåîáðàçîâàíèÿõ, îïèñàííûõ âûøå, íå ó÷àñòâîâàëî N-îå óðàâíåíèå
ñèñòåìû (1). Ýòî óðàâíåíèå è ñîîòíîøåíèå (6) ïðè k= N-1:

ANUN−1 + BNUN = FN ,
UN−1 = αNUN + βN

ìîæíî èñïîëüçîâàòü äëÿ îïðåäåëåíèÿ UN :

UN =
FN −ANβN

ANαN + BN
.

Âñå îñòàëüíûå Uk, k=N-1,N-2,. . . ,1, îïðåäåëÿþòñÿ ïî ôîðìóëå (6). Âû-
÷èñëåíèå Uk ÿâëÿåòñÿ îáðàòíûì õîäîì ïðîãîíêè.

Ýòîò ìåòîä íàçûâàþò ìîíîòîííîé ïðàâîé ïðîãîíêîé, ïîñêîëüêó ñâå-
äåíèå òðåõ÷ëåííîé ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ê äâó-
÷ëåííîìó âèäó ïðîâîäèòñÿ ïî âîçðàñòàíèþ íîìåðîâ óðàâíåíèé, íà÷èíàÿ
ñ ïåðâîãî, ÷òî ñîâåðøåííî íå ïðèíöèïèàëüíî, è ìîæíî ïðîèçâîäèòü èñ-
êëþ÷åíèå îäíîãî íåèçâåñòíîãî â êàæäîì óðàâíåíèè ïî óáûâàíèþ íîìåðîâ,
òîãäà ïîëó÷èì ôîðìóëû ìîíîòîííîé ëåâîé ïðîãîíêè.

Òåìà 7. ×èñëåííîå ðåøåíèå óðàâíåíèÿ f(x)=0
ìåòîäîì õîðä è êàñàòåëüíûõ
Íàéòè äåéñòâèòåëüíûå êîðíè óðàâíåíèÿ

f(x) = 0 (1)

ñ çàäàííîé òî÷íîñòüþ ε, ò.å. óêàçàòü òàêîå õ, ÷òî |x∗−x| < ε, ãäå ∗ � êîðåíü
óðàâíåíèÿ f(x) = 0. Ðåøåíèå ýòîé çàäà÷è ñîñòîèò èç äâóõ ýòàïîâ.

1. Îòäåëåíèå êîðíåé. Íà ýòîì ýòàïå âûäåëÿþò îòðåçêè [αi, βi], ïðèíàä-
ëåæàùèå îáëàñòè îïðåäåëåíèÿ ôóíêöèè f(x), íà êàæäîì èç êîòîðûõ ðàñ-
ïîëîæåí îäèí è òîëüêî îäèí êîðåíü óðàâíåíèÿ (1), òàêèå êîðíè íàçûâàþò-
ñÿ èçîëèðîâàííûìè. Ãðàíèöû êàæäîãî îòðåçêà ðàññìàòðèâàþò êàê ïåðâîå
ïðèáëèæåíèå èñêîìîãî êîðíÿ, αi - ñ íåäîñòàòêîì, βi - ñ èçáûòêîì. Òîãäà
ïîãðåøíîñòü òàêîãî ïðèáëèæåíèÿ íå ïðåâçîéäåò äëèíû li îòðåçêà [αi, βi].

Äëÿ îòäåëåíèÿ êîðíåé óðàâíåíèÿ (1) ìîæíî âîñïîëüçîâàòüñÿ ïåðâîé
òåîðåìîé Áîëüöàíî � Êîøè. Åñëè ôóíêöèÿ f(x) íà îòðåçêå αi, βi óäî-
âëåòâîðÿåò óñëîâèÿì ýòîé òåîðåìû, òî âíóòðè ýòîãî îòðåçêà ñîäåðæèòñÿ
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ïî ìåíüøåé ìåðå îäèí êîðåíü óðàâíåíèÿ (1). Êîðåíü áóäåò çàâåäîìî åäèí-
ñòâåííûì, åñëè ïðîèçâîäíàÿ f ′(x) ñóùåñòâóåò è ñîõðàíÿåò ïîñòîÿííûé çíàê
âíóòðè îòðåçêà [αi, βi]. Òàêèì îáðàçîì, ó÷àñòêè, îòäåëÿþùèå êîðíè óðàâíå-
íèÿ (1) ñëåäóåò èñêàòü íà èíòåðâàëàõ çíàêîïîñòîÿíñòâà ïðîèçâîäíîé ôóíê-
öèè f(x).

Äðóãîé ïðîñòîé ñïîñîá âûäåëåíèÿ êîðíåé ñîñòîèò â ïðåîáðàçîâàíèè
óðàâíåíèÿ (1) ê âèäó Φ() = Ψ(x) , ãäå ôóíêöèè Φ(x) è Ψ(x) áîëåå ïðî-
ñòûå, ÷åì ôóíêöèÿ f(x). Òîãäà, ïîñòðîèâ ãðàôèêè ôóíêöèé y = Φ(x) è
Ψ(), èñêîìûå êîðíè ïîëó÷àþò êàê àáñöèññû òî÷åê ïåðåñå÷åíèÿ ýòèõ ãðà-
ôèêîâ.

2. Íàõîæäåíèå îòäåëåííîãî êîðíÿ ñ ëþáîé íàïåðåä çàäàííîé ñòåïåíüþ
òî÷íîñòè ε.

Èñêîìûé êîðåíü óðàâíåíèÿ (1) îòäåëåí è ëåæèò íà îòðåçêå [αi, βi], íà
êîòîðîì ôóíêöèÿ f(x) íåïðåðûâíà è äâàæäû äèôôåðåíöèðóåìà, ïðè÷åì
ïðîèçâîäíûå f ′(x) è f ′′(x) ñîõðàíÿþò êàæäàÿ ñâîé çíàê.

Âîçìîæíû ÷åòûðå êîìáèíàöèè çíàêîâ ïåðâîé è âòîðîé ïðîèçâîäíûõ,
êîòîðûå îïðåäåëÿþò ÷åòûðå òèïà ðàñïîëîæåíèÿ êðèâîé y = f(x):
à) f ′(x) > 0, f ′′(x) > 0 � ôóíêöèÿ âîãíóòàÿ è âîçðàñòàåò;
á) f ′(x) > 0, f ′′(x) < 0 � ôóíêöèÿ âûïóêëàÿ è âîçðàñòàåò;
â) f ′(x) < 0, f ′′(x) > 0 � ôóíêöèÿ âîãíóòàÿ è óáûâàåò;
ã) f ′(x) < 0, f ′′(x) < 0 � ôóíêöèÿ âûïóêëàÿ è óáûâàåò.

Ðàññìîòðåíèå ÷åòûðåõ ñëó÷àåâ íåîáõîäèìî äëÿ îïðåäåëåíèÿ òîãî, ñ êà-
êîãî êîíöà îòðåçêà [αi, βi] âîçìîæíî ïðèìåíåíèå ìåòîäà êàñàòåëüíûõ, à
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èìåííî, ñ êîíöà, â êîòîðîì çíà÷åíèå ôóíêöèè è åå âòîðîé ïðîèçâîäíîé
èìååò îäèíàêîâûé çíàê. Òîãäà ïðîòèâîïîëîæíûé êîíåö îòðåçêà èñïîëü-
çóåòñÿ äëÿ ïðèìåíåíèÿ ìåòîäà õîðä. Ðàñ÷åòíûå ôîðìóëû ìåòîäîâ èìåþò
âèä:

x̄n = x̄n−1 − f(x̄n−1)
f ′(x̄n−1)

, xn = xn−1 − f(xn−1)(x̄n−1 − xn−1)
f(x̄n−1)− f(xn−1)

, n = 0, 1, 2, . . . ,

(1)
x̄0, x̄1, . . . � ïðèáëèæåíèÿ ïî ìåòîäó êàñàòåëüíûõ,
x0, x1, . . . � ïðèáëèæåíèÿ ïî ìåòîäó õîðä.

Âû÷èñëåíèÿ ïî ôîðìóëàì ïðåêðàùàþò, êîãäà |xn − x̄n)| < ε.
Òàáëèöà 5.

� Âèä óðàâíåíèÿ
f(x)=0

èñêîìûé êîðåíü

1 0 = 1.2x2 − sin(10x) âñå ïîëîæèòåëüíûå êîðíè
2 0 = 2

√
x− cos(πx/2) âñå êîðíè

3 0 = 2x − 2x2 − 1 ïîëîæèòåëüíûå êîðíè
4 0 = 2 ln x− 1/x âñå êîðíè
5 0 = 2 lg x− x/2 + 1 ïîëîæèòåëüíûå êîðíè
6 0 = lg x− 7/(2x + 6) âñå êîðíè
7 0 = x lg x− 1/2 âñå êîðíè
8 0 = lg(3x−1)+exp(2x−1) âñå êîðíè
9 0 = exp(−x)− 2(x− 1)2 âñå êîðíè
10 0 = 2− x exp(x) âñå êîðíè
11 0 = 1/x− π cos(πx) âñå ïîëîæèòåëüíûå êîðíè
12 0 = sec(x)− x2 − 1 âñå ïîëîæèòåëüíûå êîðíè
13 0 = ctg(1, 05x)− x2 âñå ïîëîæèòåëüíûå êîðíè
14 0 = 2x− lg(x)− 7 âñå ïîëîæèòåëüíûå êîðíè
15 0 = exp(−x) + x2 − 2 îòðèöàòåëüíûå êîðíè
16 0 = 0, 5x2 − cos(2x) âñå êîðíè
17 0 = ln(0, 5x)− 0, 5 cos(x) âñå êîðíè
18 0 = ln(2x)− exp(2x) âñå êîðíè
19 0 = exp(−x) + x3 − 3 âñå ïîëîæèòåëüíûå êîðíè
20 0 = 2x2 − cos(2x) âñå êîðíè
21 0 = x2 − 20 sin x âñå êîðíè
22 0 = x2 − sin 5x âñå êîðíè
23 0 = ln x + (x + 1)3 âñå êîðíè
24 0 = 2, 2x− 2x íàèìåíüøèé êîðåíü

22



Ñïèñîê ëèòåðàòóðû
1. Áàõâàëîâ Í.C.Æèäêîâ Í.Ï., Êîáåëüêîâ Ã.Ì. ×ècëåííûå ìåòîäû.
-Ì.: Íàóêà,1987.
2. Áåðåçèí È.Ñ., Æèäêîâ Í.Ï. Ìåòîäû âû÷èñëåíèé. Â 2-õ òîìàõ. -Ì.:
Ôèçìàòãèç, 1962.
3. Âîëêîâ Å.À. ×ècëåííûå ìåòîäû. -Ì.: Íàóêà,1987.
4. Äåìèäîâè÷ Á.Ï., Ìàðîí È.À. Îñíîâû âû÷èñëèòåëüíîé ìàòåìàòèêè.
-Ì.: Íàóêà, 1966.
5. Çàâüÿëîâ Þ.Ñ., Êâàñîâ Á.È., Ìèðîøíè÷åíêî Â.Ë. Ìåòîäû ñïëàéí-
ôóíêöèé. -Ì.: Íàóêà, 1980.
6. Êàëèòêèí Í.Í. ×ècëåííûå ìåòîäû. -Ì.: Íàóêà, 1978.
7. Êîëîáîâ À.Ã.
8. Êðûëîâ Â.È.,Áîáêîâ Â.Â., Ìîíàcòûðíûé Ï.È. Âû÷ècëèòåëüíûå
ìåòîäû: Â 2-õ ò. -Ì.: Íàóêà,1976-1977.
9. Càìàðcêèé À.À., Ãóëèí À.Â. ×ècëåííûå ìåòîäû. -Ì.: Íàóêà,1989.

23


